
Math 211 Multivariable Calculus Final Exam
Monday December 15, 2014

You have 3 hours for this exam. You may not use books, notes, calculators, cell phones or
any other aids. Please turn off all electronic devices, including cell phones.

Explain your answers fully, showing all work for full credit. Answers involving sine, cosine
or tangent of angles that are multiples of π, π
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should be evaluated exactly. Follow

directions carefully: If the question tells you to use a particular method or definition, then
you must use it in order to get credit. The total number of points is 100.

1. (5 points) Find parametric equations for the line passing through the point (1,2,3) that
is parallel to both the xy-plane and the plane x+ 2y + 3z = 1.



2. (5 points) Use the linear approximation of f(x, y, z) = xy/z to estimate f(2.04, 0.95, 2.02).



3. (10 points) Let f(x, y) =


2x2 + 3xy + 4y2

x2 + 2y2
if (x, y) 6= (0, 0)

2 if (x, y) = (0, 0).

(a) Compute fx(0, 0) and fy(0, 0).

(b) Prove that f is not continuous at (0, 0).



4. (10 points) Consider the function f(x, y) = x2 + 4y2.

(a) Sketch level curves of the function f(x, y) = x2 + 4y2 for constant values c = 0,
4, and 16. On your sketch, draw the gradient vectors at the points (1,

√
3/2) and

(−3,
√

7/2), carefully indicating the correct direction and relationship with the
level curves.

(b) Prove that for every point (x, y) the gradient vector ∇f(x, y) is orthogonal to the
level curve of f through the point (x, y) by showing that the dot product of the
tangent vector and the gradient vector equals zero.



5. (10 points) Find and classify (as local minimum, local maximum, or saddle point) every
critical point of the function f(x, y) = x2y − 3x2 − 6y2 + 2.



6. (5 points) Find the point on the ellipse x2+6y2+3xy = 40 with the largest x-coordinate.



7. (10 points) Find the volume of the region in the first octant that is inside the sphere
x2 + y2 + z2 = 16 and also inside the cylinder x2 + y2 = 4x.



8. (10 points) Let E be the solid lying inside the sphere x2 + y2 + z2 = 9, outside the
sphere x2 + y2 + z2 = 1, above the xy-plane, below the cone z =

√
x2 + y2, and in the

first octant. Compute

∫∫∫
E

z dV .



9. (10 points) Use an appropriate change of variables to evaluate the double integral of

f(x, y) = (x+ y)ex
2−y2

on the rectangle with vertices (2, 0), (1, 1), (−1,−1), and (0,−2).



10. (8 points) Let C be the quarter of the circle x2 + y2 = 9 going from (0, 3) to (−3, 0).

Compute

∫
C

x2y ds.



11. (8 points) Let C be the boundary of the triangle with vertices (0, 0), (1, 0), and (1, 2),

oriented counterclockwise. Let ~F (x, y) = 〈3y2, x2y + cos8(y)〉. Compute

∫
C

~F · d~r.



12. (9 points) Let C be the line segment from (1, 0,−1) to (0,−2, 2). Compute∫
C

(2xy + 6x2) dx+ (x2 − y3) dy + z2 dz.



Extra credit (5 points): Use a carefully written out ε− δ proof to prove that

lim
(x,y)→(0,0)

x3 − 2xy2

x2 + y2
= 0.






