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Math 211 Curvature Practice 
 

 
 
1. Consider the ellipse !
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	= 	1, where 𝑎 > 𝑏 > 0. 

a. Sketch this ellipse. 
b. Find a parameterization r(t) of this ellipse. 
c. Use of one of the two formulas above to find the curvature of this ellipse. 
d. At what points is the curvature of the ellipse greatest and at what points is it smallest? 

Why does this make sense? 
 
 

  

9.8. ARC LENGTH AND CURVATURE 93

b. Recall that an arc length parameterization of a circle in 2-space of radius
a centered at the origin is, from (9.8.3),

r(s) =
D
a cos

⇣ s
a

⌘
, a sin

⇣ s
a

⌘E
.

Show that the curvature of this circle is the constant 1

a . What can you
say about the relationship between the size of the radius of a circle and
the value of its curvature? Why does this make sense?

The definition of curvature relies on our ability to parameterize curves in
terms of arc length. Since we have seen that finding an arc length parametriza-
tion can be difficult, we would like to be able to express the curvature in terms
of a more general parametrization r(t).

To begin, we need to describe the vector T, which is a vector tangent to
the curve having unit length. Of course, the velocity vector r0(t) is tangent to
the curve; we simply need to normalize its length to be one. This means that
we may take

T(t) =
r

0
(t)

|r0(t)| . (9.8.5)

Then the curvature of the curve defined by r is
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This last formula allows us to use any parameterization of a curve to cal-
culate its curvature. There is another useful formula, given below, whose
derivation is left for the exercises.

Formulas for curvature.

If r is a vector-valued function defining a smooth space curve C, and if
r

0
(t) is not zero and if r00(t) exists, then the curvature  of C satisfies

•  = (t) =
|T0

(t)|
|r0(t)|

•  =

|r0(t)⇥r00(t)|
|r0(t)|3 .

Activity 9.8.6. Use one of the two formulas for  in terms of t to help you
answer the following questions.

a. The ellipse x2

a2 +

y2

b2 = 1 has parameterization

r(t) = ha cos(t), b sin(t)i.

Find the curvature of the ellipse. Assuming 0 < b < a, at what points
is the curvature the greatest and at what points is the curvature the
smallest? Does this agree with your intuition?
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2. Derivation of the second curvature formula: 

a. Explain why ./
.0
= 𝐫′(𝑡)  , where s is arc length. 

b. Use part a and the definition of T(t) to derive 𝐫′(𝑡) = ./
.0
𝐓(𝑡). 

c. Take a derivative of the equation in part b, using product rule. 

d. Combine parts b and c to derive 𝐫′(𝑡)×𝐫′′(𝑡) = ./
.0

8
𝐓(𝑡)×𝐓′(𝑡). 

e. Show that 𝐓(𝑡)×𝐓′(𝑡) = 𝐓′(𝑡) . 

f. Use the first curvature formula and the parts above to derive the second formula. 


